Non-isothermal elastoviscoplastic analysis of planar curved beams by Carlson, R. L. et al.
NON-ISOTHERMAL ELASTOVISCOPLASTIC ANALYSIS OF PLANAR CURVED BEAMS' 
G .  J. Simitses" R. L. Carlson** and R .  Riff* 
Georgia I n s t i t u t e  of Technology 
Atlanta, Georgia 30332 
The paper focuses  on t h e  development of a general mathematical model 
and so lu t ion  methodologies, t o  examine t h e  behavior of t h i n  s t ruc tu ra l  
e l e m e n t s  s u c h  a s  beams, r i n g s ,  a n d  a r c h e s ,  s u b j e c t e d  t o  l a r g e  
non-isothermal elasto-viscoplastic deformations. T h u s ,  geometric a s  wel l  
a s  m a t e r i a l - t y p e  n o n l i n e a r i t i e s  o f  higher order  a r e  present  i n  t h e  
analysis. 
For t h i s  purpose a complete t rue abini to  r a t e  theory of kinematics and 
kinet ics  f o r  t h i n  bodies, without any r e s t r i c t i o n  on t h e  magnitude of t h e  
t r a n s f o r m a t i o n  i s  presented.  A p rev ious ly  formulated elasto-thermo- 
viscoplastic material consti tutive law is employed i n  the analysis.  
The methodology is demonstrated through t h r e e  d i f f e r e n t  s t r a i g h t  and 
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1 .  I n t r o d u c t i o n  
T h e  p r e d i c t i o n  o f  i n e l a s t i c  behav io r  of metall ic m a t e r i a l s  a t  e l e v a t e d  
t e m p e r a t u r e s  has  i n c r e a s e d  i n  i m p o r t a n c e  i n  r e c e n t  y e a r s .  T h e  o p e r a t i n g  
c o n d i t i o n s  w i t h i n  t h e  h o t  s e c t i o n  of a r o c k e t  motor o r  a modern gas t u r b i n e  
e n g i n e  p r e s e n t  an  e x t r e m e l y  h a r s h  t h e r m o - m e c h a n i c a l  e n v i r o n m e n t .  L a r g e  
thermal t r a n s i e n t s  are induced  each time t h e  e n g i n e  is s tar ted o r  s h u t  down. 
A d d i t i o n a l  thermal t r a n s i e n t s  from an  e l e v a t e d  ambient  o c c u r ,  w h e n e v e r  t h e  
e n g i n e  power l e v e l  is a d j u s t e d  t o  meet f l i g h t  r e q u i r e m e n t s .  The s t ruc tura l  
e l e m e n t s  employed t o  c o n s t r u c t  s u c h  h o t  s e c t i o n s ,  a s  well a s  a n y  e n g i n e  
c o m p o n e n t s  l o c a t e d  t h e r e i n ,  m u s t  be  c a p a b l e  of w i t h s t a n d i n g  s u c h  e x t r e m e  
c o n d i t i o n s .  F a i l u r e  of a component w o u l d ,  d u e  t o  t h e  c r i t i c a l  n a t u r e  of 
t h e  h o t  s e c t i o n ,  l e a d  t o  a n  immediate  a n d  c a t a s t r o p i c  loss  i n  power and 
t h u s  canno t  be  tolerated.  C o n s e q u e n t l y ,  a s s u r i n g  s a t i s f a c t o r y  l o n g  term 
performance  for  s u c h  components is a major  c o n c e r n  for t h e  d e s i g n e r .  
T r a d i t i o n a l l y ,  t h i s  r e q u i r e m e n t  f o r  l o n g  term d u r a b i l i t y  has b e e n  a 
more s i g n i f i c a n t  c o n c e r n  for g a s  t u r b i n e  e n g i n e s  rather t h a n  r o c k e t  motors. 
However, w i t h  t h e  a d v e n t  of r e u s a b l e  s p a c e  v e h i c l e s ,  s u c h  as t h e  S p a c e  
S h u t t l e ,  t h e  r e q u i r e m e n t  t o  a c c u r a t e l y  p r e d i c t  f u t u r e  per formance  f o l l o w i n g  
r e p e a t e d  e l e v a t e d  t e m p e r a t u r e  o p e r a t i o n s  m u s t  now be e x t e n d e d  t o  i n c l u d e  
t h e  more ex t r eme  rocket motor a p p l i c a t i o n .  
Under t h i s  k i n d  o f  s e v e r e  l o a d i n g  c o n d i t i o n s ,  t h e  s t r u c t u r a l  b e h a v i o r  
i s  h i g h t l y  n o n l i n e a r  d u t  t o  t h e  combined a c t i o n  of g e o m e t r i c a l  and p h y s i c a l  
n o n l i n e a r i t i e s .  On one  s i d e ,  f i n i t e  d e f o r m a t i o n  i n  a s t r e s s e d  s t r u c t u r e  
i n t r o d u c e s  n o n l i n e a r  geometric e f f e c t s .  On t h e  o t h e r  s i d e ,  p h y s i c a l  
n o n l i n e a r i t i e s  a r i s e  e v e n  i n  small s t r a i n  r e g i m e s ,  w h e r e b y  i n e l a s t i c  
p h e n o m e n a  p l a y  a p a r t i c u l a r y  i m p o r t a n t  r o l e .  F r o m  a t h e o r e t i c a l  
s t a n d p o i n t ,  n o n l i n e a r  c o n s t i t u t i v e  e q u a t i o n s  s h o u l d  b e  a p p l i e d  o n l y  i n  
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c o n n e c t i o n  w i t h  n o n l i n e a r  t r a n s f o r m a t i o n  measures  ( i m p l y i n g  both 
deformation and ro ta t ions) .  However, i n  almost a l l  of t h e  works i n  t h i s  
a r e a  (See Ref. l ) ,  the  two ident i f ied sources of nonlinearit ies a r e  always 
separated. T h i s  separation yields ,  a t  one end of the spectrum, problems of  
l a r g e  r e s p o n s e ,  w h i l e  a t  t h e  o t h e r  end, problems of viscous and/or 
non-isothermal behavior i n  the presence of  small s t r a i n ,  
The c l a s s i c a l  t h e o r i e s ,  i n  w h i c h  t h e  m a t e r i a l  r e s p o n s e  i s  
c h a r a c t e r i z e d  a s  a c o m b i n a t i o n  of  d i s t i n c t  e l a s t i c ,  thermal ,  t ime 
independent i n e l a s t i c  ( p l a s t i c )  and time dependent i n e l a s t i c  ( c r e e p )  
deformation components cannot explain some phenomena, which can be observed 
i n  complex thermo-mechanical loading his tor ies .  T h i s  is p a r t i c u l a r l y  t r u e  
when high-temperature non-isothermal processes should be taken into account. 
There is a sizeable body of l i t e r a t u r e '  n 2  on phenomenological c o n s t i t u t i v e  
equat ions  f o r  t h e  r a t e  - and temperature  - dependent p l a s t i c  deformation 
behavior of metal l ic  materials. However, almost a l l  of these new " u n i f i e d "  
t h e o r i e s  a r e  based on small  s t r a i n  t h e o r i e s  and several s u f f e r  from s3me 
thermodynamic i n c o n s i s t e n c i e s .  
I n  a p r e v i o u s  paper3 ,  t h e  a u t h o r s  have presented an a l t e r n a t i v e  
c o n s t i t u t i v e  law f o r  elastic-thermo-viscoplastic behavior of m e t a l l i c  
m a t e r i a l s ,  i n  which t h e  main f e a t u r e s  a re :  ( a )  unconstrained s t r a i n  and 
deformation kinematics, ( b )  se lect ion of reference space and c o n f i g u r a t i o n  
f o r  t h e  s t r e s s  t e n s o r ,  b e a r i n g  i n  m i n d  t h e  r h e o l o g i e s  o f  r e a l  
materials,  ( c )  an i n t r i n s i c  re la t ion  which s a t i s f i e s  m a t e r i a l  o b j e c t i v i t y ,  
( d )  thermodynamic c o n s i s t e n c y ,  and ( e )  proper choice o f  e x t e r n a l  and 
internal  thermodynamic variables. Accuracy of the formulat ion was checked 
on a wide range of examples4. 
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The formulat ion presented i n  t h i s  paper focuses  on a mathematical 
model t o  examine t h e  behavior of t h i n  s t r u c t u r a l  elements s u b j e c t e d  t o  
l a r g e  non-isothermal elasto-viscoplastic deformations. T h u s ,  geometric a s  
well a s  material-type n o n l i n e a r i t i e s  of higher  order a r e  p r e s e n t  i n  t h e  
a n a l y s e s .  Such t h i n  e lements ,  inc luding  beams, r i n g s  and a r c h e s ,  a r e  
intended t o  present g e n e r i c  types  of components, which m i g h t  be l o c a t e d  
w i t h i n  o r  ad jacent  t o  t h e  hot s e c t i o n  of a rocke t  motor or gas turbine 
engine.  
The r a t e  form of t h e  c o n s t i t u t i v e  equat ions  sugges ts  t h a t 5  a r a t e  
approach be taken  toward t h e  e n t i r e  problenl s o  t h a t  flow is viewed a s  
h i s t o r y  dependent process  r a t h e r  than an event. A di rec t  consequence of 
the consistent adoption of the r a t e  viewpoint i n  a s p a t i a l  r e f e r e n c e  frame 
is t h a t  t h e  problem is found t o  be governed by quasi-linear d i f f e r e n t i a l  
equations i n  time and i n  space. Hence, the a n a l y s i s  r e q u i r e s  s o l u t i o n  of 
an i n i t i a l -  and boundary- value problem involving instantaneously l inear  
equations. The quasi- l inear  n a t u r e  of t h e  problem not only s u g g e s t s  an 
incremental  approach t o  numerical solution, b u t  a l so  provides confidence i n  
t h e  completeness of t h e  incremental  equat ions .  I n  t h i s  c a s e ,  f i n i t e  
element s o l u t i o n  c a p a b i l i t y  is e s t a b l i s h e d ;  it should be noted, however, 
t h a t  the l i n e a r i t y  of the instantaneous governing equations admits use of a 
wide v a r i e t y  of  o t h e r  e s t a b l i s h e d  numerical  procedures f o r  s p a t i a l  
i n t e g r a t i o n .  A complete t r u e  a b  i n i t i o  r a t e  theory of kinematics  and 
k i n e t i c s  f o r  continuum and double curved t h i n  s t r u c t u r e s ,  without any 
r e s t r i c t i o n  on t h e  magnitude of t h e  s t r a i n s  o r  t h e  d e f o r m a t i o n  was 
formulated i n  Ref. 4 and w i l l  be rephrased here. 
Formulation of problems concerned w i t h  f i n i t e  deformation of beams has 
P r e s c r i b i n g  t h e  beam by its deformed or followed two d i f f e r e n t  paths6.  
undeformed c e n t r o i d a l  a x i s  and c r o s s  s e c t i o n ,  one may i n t r o d u c e  a t  the 
o u t s e t  beam s t ress  r e s u l t a n t s  and t h e i r  c o n j u g a t e  k inemat i c  v a r i a b l e s  
c h a r a c t e r i z i n g  d i s p l a c e m e n t  and r o t a t i o n  of the c ross  sec t ion .  Together 
wi th  appropr ia te  beam c o n s t i t u t i v e  e q u a t i o n s  a n d  a g l o b a l  ba l ance  law a 
c o n s i s t e n t  theory is obtained. Al te rna t ive ly ,  one may imbed beam theory i n  
t h e  s e t t i n g  of deformable s o l i d  c o n t i n u a ,  i n  which c a s e  one i s  concerned  
w i t h  l o c a l  c o n s t i t u t i v e  e q u a t i o n s  c o n n e c t i n g  t h e  s t r e s s  t e n s o r  w i t h  a 
s t r a i n  t enso r ,  which may i n  tu rn  be expressed i n  terms of a combina t ion  of 
undetermined beam kinematic var iab les  and funct ions of the beam coordinates .  
Momentum may then be balanced global ly  by i n t e g r a t i n g  t h e  l o c a l  e q u a t i o n s  
over  t h e  deformed beam c o n f i g u r a t i o n .  Both p a t h s  w i l l  be considered i n  
what follows. 
2. Two-Dimensional Plane Beams ( A  Plane S t r e s s  Problem) 
2.2 - Kinematics of the  Continuum 
Let  a continuum i n  s p a c e  be descr ibed by two systems of coordinates ,  
t h e  xi-system, which s t a y s  a t  rest ( t h e  f ixed  system) a n d  the  ua-system, 
which i s  a s s o c i a t e d  w i t h  materials points  ( t h e  convected mater ia l  system). 
The t ransformation equations from one system t o  t h e  o ther  a re :  
where 
i i a  d x  = f a  du 
a i  
i dua = u d x  ( 2 )  
i 
f = -  i a ax 
a U a  
0 
( 3 )  
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The covariant components of the metric tensor i n  the material system ua 
are: 
where G i j  a r e  t h e  c o v a r i a n t  components of the metric tensor in the fixed 
system xi .  For the fixed Cartesian system (Euclidian space) we have, 
where 6i.J a r e  the components of the Kronecker de l ta ,  The c o o r d i n a t e  l i n e s  
of the  xi-system a r e  assumed t o  "deform" w i t h  t h e  continuum i n  order t o  
enable the material points t o  keep t h e i r  coordinates ( i n  the ua-system) 
unchanged. 
The c o n t r a v a r i a n t  components of the  v e l o c i t y  vector  i n  t h e  f i x e d  
system are  defined by: 
i 
d t  
i dx v = -  ( 7 )  
I t  is impossible  t o  d e f i n e  veloci ty  a s  a change i n  the coordinates i n  the 
material  system, however, distances a re  obviously changing. The l e n g t h  of 
the elementary a r c  i n  the material coordinates is given by: 
ds2 = gaB dua duB 
Defining the r a t e s  of change i n  the material system by - a 
change of the elementary a r c  is, 
the r a t e  of a t '  
From E q  ( 9 )  one may conclude also that  
The c l u e  f o r  t h e  i n t r i n s i c  r a t e s  of change may be unraveled, then, by the 
derivation of the r a t e s  of change of the metric tensor. 
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I t  can be shown4 
material  coordinates is 
t h a t  t h e  r a t e  of change of the metric tensor i n  the 
given by 
where 
Y 
V 
a,B gYa , B  
V 
a i  So x ( f B )  or vi is the  velocity i n  the fixed system as observed i n  , B  
(12)  
t h e  m a t e r i a l  system. The Components of the deformation r a t e  tensor defined 
as follows, 
+ V  ) = d  A 1 agaB 1 = - - =  
da8 2 a t  7('a,B 8 , a  Ba 
and t h e  components of the s p i n  tensor as, 
( 1  3 )  
Subst i tut ion of E q .  (13)  i n t o  E q .  (10)  yields ,  
(15 )  a A' A B  ( a  a = -1 dua d s  - ( l o g  d s )  = daB a t  
As soon a s  the  deformation r a t e  is established a s  t h e  time derivative 
of the metric tensor,  t h e  i n t r i n s i c  charac te r i s t ics  of the continuum, b e i n g  
m e t r i c  propert ies  of space, a r e  readi ly  differented ( w i t h  respect t o  t ime) .  
For more d e t a i l s  see Ref. 4 .  
2.2 The Rate of Global Pr inciples  
The pr inciple  of v i r tua l  power (or of v i r tua l  v e l o c i t i e s ) ,  
i s  e q u i v a l e n t  t o  t h e  equat ions  of equilibrium along w i t h  the complete s e t  
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of b o u n d a r y  c o n d i t i o n s .  I n  E q .  (161,  u i j  a re  t h e  c o n t r a v a r i a n t  components 
of t h e  Cauchy stress t e n s o r ,  p t h e  mass d e n s i t y ,  a n d  f j  i s  a v e c t o r  of 
s p e c i f i c  body f o r c e s .  
Total  d i f f e r e n t i a t i o n  of E q .  ( 1 6 )  y i e l d s 4 ,  
v V 
. dbv j  - YTJ dt d A = o  ( 1 7 )  
A 
A t  a n y  i n s t a n t  Eq. ( 1 7 )  m u s t  be  s a t i s f i e d .  The v i r t u a l  v e l o c i t y  and 
its time d e r i v a t i v e  are, t h e n ,  i ndependen t .  Moreover, t h e  l a s t  t h r e e  terms 
of E q .  ( 1 7 )  are e q u i v a l e n t  t o  Eq. ( 1 6 ) .  Hence, t h e  p r i n c i p l e  of the  r a t e  of 
v i r t u a l  p o w e r  may b e  o b t a i n e d  i n  i t s  c o n c i s e  fo rm.  F o r  f u r t h e r  
c l a s s i f i c a t i o n s ,  t h e  t o t a l  d e r i v a t i v e  of  t h e  s t ress  c o m p o n e n t s  w i l l  be 
r e p r e s e n t e d  by the  Jauman d e r i v a t i v e ,  namely 
and  t h e  f o l l o w i n g  i n t e g r a l s  are d e f i n e d  by 
v 
(20)  
(21 1 
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T h e n ,  s u b s t i t u t i o n  i n  E q .  ( 1 7 )  y i e l d s  t h e  f i n a l  form o f  t h e  p r i n c i p l e  of 
t h e  r a t e  of v i r t u a l  power, 
df’ 6 v .  dV + 1 Y dt 
J 
1 - 1  + I d + I r  e 
r 
which is e q u i v a l e n t  t o  
A 
p d l k  f J  = 0 J i  aiJ + p - -  d f  do -
d t  ‘ V  d t  , i  ,i ,k 
and 
( 2 2 )  
( 2 3 )  
A s imi la r  p r o c e s s  c a n  be a p p l i e d 4  t o  o b t a i n  t h e  p r i n c i p l e  of t h e  r a t e  o f  
b a l a n c e  of ene rgy  from the first law of  thermodynamics. 
2.3 C o n s t i t u t i v e  E q u a t i o n s  
I n  a p r e v i o u s  p a p e r 3 ,  t h e  a u t h o r s  h a v e  p r e s e n t e d  a comple t e  se t  of 
c o n s t i t u t i v e  r e l a t i o n s  fo r  n o n i s o t h e r m a l ,  l a r g e  s t r a i n ,  e l a s t o - v i s c o p l a s t i c  
b e h a v i o r  of metals. I t  was shown there3  t h a t  t h e  metric t e n s o r  i n  t h e  
convec ted  ( m a t e r i a l )  c o o r d i n a t e  s y s t e m  c a n  be l i n e a r l y  decomposed i n t o  
e l a s t i c  a n d  ( v i s c o )  p l a s t i c  par t s .  So a y i e l d  f u n c t i o n  was assumed, which 
is d e p e n d e n t  o n  t h e  r a t e  of c h a n g e  of  s t r e s s  o n  t h e  m e t r i c ,  o n  t h e  
t e m p e r a t u r e  a n d  a s e t  of i n t e r n a l  v a r i a b l e s .  Moreover, a hypoelas t ic  law 
was chosen  t o  describe t h e  thermo-elastic p a r t  of t h e  de fo rma t ion .  
A time a n d  t e m p e r a t u r e  d e p e n d e n t  l l v i s c o p l a s t i c i t y “  model  was 
f o r m u l a t e d  i n  t h i s  convec ted  material sys tem t o  accoun t  for  f i n i t e  s t r a i n s  
and r o t a t i o n s .  The h i s t o r y  and t e m p e r a t u r e  d e p e n d e n c e  were i n c o r p o r a t e d  
t h r o u g h  t h e  i n t r o d u c t i o n  of i n t e r n a l  v a r i a b l e s .  The choice  of  t h e s e  
v a r i a b l e s ,  a s  well as t h e i r  e v o l u t i o n ,  was m o t i v a t e d  by t h e r m o d y n a m i c  
c o n s i d e r a t i o n s .  
445 
The n o n i s o t  hermal  e l a s  t o - v i  s c o p l a s  t i c de format ion process  was 
d e s c r i b e d  c o m p l e t e l y  b y  I t thermodynamic s t a t e ”  e q u a t i o n s .  I*lost  
i n v e s t i g a t o r s 1  , 2  ( i n  the area of viscoplast ic i ty)  employ p las t ic  s t r a i n s  as 
s t a t e  v a r i a b l e s .  T h i s  s tudy3 shows t h a t ,  i n  g e n e r a l ,  u s e  of  p l a s t i c  
s t r a i n s  a s  s t a t e  v a r i a b l e s  may lead  t o  i n c o n s i s t e n c i e s  w i t h  regard  t o  
thermodynamic considerations. Furthermore,  t h e  approach and formula t ion  
employed i n  previous works leads t o  the condition that  a l l  the p l a s t i c  work 
is completely d i s s i p a t e d .  T h i s ,  however ,  i s  i n  c o n t r a d i c t i o n  w i t h  
experimental  evidence, from which it emerges that part of the p l a s t i c  work 
is used f o r  producing r e s i d u a l  s t r e s s e s  i n  t h e  l a t t i c e ,  which ,  w h e n  
phenomenologically cons idered ,  causes  hardening. Both l i m i t a t i o n s  were 
excluded from t h i s  formulation. 
The const i tut ive re la t ion  w i l l  be rephrased here as follows 
P 
( 2 5 )  
i i k  k 2 a )  if F = ( tk  - C po  g B k ) ( t i  - C p, g Si) - k (W,T) = 0 
i i ’0 i 
k ’  k p k’ where, s the Kirchhoff s t r e s s  tensor,  s = - u and the temperature T 
i a re  independent process variables,  tk  being the deviator of the Kirchhoff 
P 
s t r e s s .  si and W and B k  a r e  internal  parameters, then k ’  
w i t h  
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b) i f  
and 
then 
with 
c )  if 
or 
F = O  
i Ei 
dk = dk 
P 
F < O  
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( 3 2 )  
( 3 3 )  
(35)  
( 3 6 )  
( 3 7 )  
i Ei then dk = d k  (38) 
P 
w = o  
'i 
Bk = 0 
( 3 9 )  
(40 )  
2.4 Plane S t r e s s  Approximation 
B y  d e f i n i t i o n ,  a body is s a i d  t o  be i n  t h e  s t a t e  of plane s t r e s s  
p a r a l l e l  t o  t h e  u l ,  u 2  plane when t h e  s t r e s s  components u 1 3 ,  u23, u33 
vanish7. I t  is  wel l  known i n  l i t e r a t u r e  tha t  t h e  case of plane s t r e s s  is 
d i f f i c u l t  t o  handle t h e o r e t i c a l l y .  Even l i n e a r  e l a s t i c i t y  has t o  t r e a t  
t h i s  c a s e  i n  an a p p r o x i m a t e  manner.  To remove some of t h e o r e t i c a l  
d i f f i c u l t i e s  Durban and Baruch5 introduced the notion of  Generalized P lane  
S t r e s s ,  where i n s t e a d  of dealing w i t h  the quant i t ies  themselves, one deals 
w i t h  t h e i r  average values. 
I n  our case  t h e  problem is  even more d i f f i c u l t .  The nonl inear i t ies ,  
which the general three-dimensional theory  t a k e s  i n t o  account w i l l  a l s o  
cause a l a r g e  change of the geometr ical  q u a n t i t i e s  i n  the u3  direct ion.  
Clearly, some assumptions a r e  needed t o  t r e a t  t h e  case of plane s t r e s s  a s  
a two-dimensional case. 
The f i r s t  b a s i c  assumption is t h a t  t h e  t h i c k n e s s ,  h ,  of the plate 
defined by the coordinates u l ,  u 2  l o c a t e d  i n  i t s  middle p lane ,  i s  small  
a s  compared w i t h  the other two dimensions. A second assumption is that  the 
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e x t e r n a l  f o r c e s  a c t  i n  t h e  u l ,  u 2  d i r e c t i o n s  a n d  a r e  symmet r i ca l ly  
d i s t r i b u t e d  w i t h  r e s p e c t  t o  the  midd le  p l ane .  
In a way similar t o  t h e  p rocedure  proposed  by Durban and  B a r u c h 5 ,  a l l  
t h e  k i n e m a t i c  e x p r e s s i o n s  a r e  o b t a i n e d  by a v e r a g i n g  t h e  th ree -d imens iona l  
e x p r e s s i o n s .  
A b a s i c  a s s u m p t i o n  for the  case of p l a n e  stress is t h a t  t h e  components 
connec ted  w i t h  t h e  t h i r d  d i r e c t i o n  are small a n d  c a n  b e  n e g l e c t e d .  S o ,  a 
new concep t  of g e n e r a l i z e d  stress t e n s o r  is i n t r o d u c e d  
i 0; 
T = -  
ho 
I t  m u s t  be  n o t e d  t h a t  i n  t h e  l i n e a r  t h e o r y  o f  e l a s t i c i t y ,  where t h e  
geometry does n o t  c h a n g e ,  t h e  a v e r a g e d  a n d  g e n e r a l i z e d  stress t e n s o r s  
c o i n c i d e .  
So t h e  t h r e e - d i m e n s i o n a l  i n c r e m e n t a l  e l a s  t o - v i  s c o p l a s t i c  t h e o r y ,  
d e v e l o p e d  p r e v i o u s l y ,  c a n  be  a d o p t e d  f o r  t w o - d i m e n s i o n  p l a n e  s t r e s s  
problems.  
3. A Thin  Curved Beam 
3.1 Doubly Curved Element 
A c o m p l e t e  r a t e  t h e o r y  o f  k i n e m a t i c s  a n d  k i n e t i c s  f o r  d o u b l y  a n d  
s i n g l y  c u r v e d  t h i n  s t r u c t u r e s ,  w i t h o u t  a n y  r e s t r i c t i o n  o n  t h e  m a g n i t u d e  o f  
the s t r a i n  or t h e  d e f o r m a t i o n ,  was p r e s e n t e d  in Ref. 4.  
F i v e  d i f f e r e n t  she l l  theories ( a p p r o x i m a t i o n s ) ,  i n  r a t e  fo rm,  s t a r t i n g  
w i t h  t h e  s i m p l e  K i r c h h o f f - L o v e  t h e o r y  a n d  f i n i s h i n g  w i t h  a c o m p l e t e l y  
u n r e s t r i c t e d  one ,  were c o n s i d e r e d  t here4. 
The k i n e m a t i c  and  k i n e t i c  e q u a t i o n s  f o r  i n t r i n s i c  s h e l l  d y n a m i c s ,  
i n t r o d u c e d  i n  Ref. 4 a r e  p r e s e n t e d  here ,  i n  compact form, together  w i t h  
basic n o t a t i o n s .  For s i m p l i c i t y  we c o n s i d e r  here Ki rchhof f  motion only8 .  
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The components of the velocity vector w = i are  . . -  
wa = j . yo,  w = y e n  ’a n 0 = y o  a (42 )  
where is the u n i t  normal to  y ,  and y is the weighted motion. 
Expressions for the components of the velocity gradients, i, follow 
from different ia t ion of E q .  ( 4 2 )  
The time r a t e s  of t he  components of the metric and curvature tensors 
follow immediately from the above as 
To complete t h e  kinematics, we get the components of the acceleration 
vector by time d i f fe ren t ia t ion  of E q .  ( 4 2 )  and through use of E q s .  ( 4 3 )  and 
( 4 4 )  J 
- .  
y . n = w  + 2 w a  n 
The a c c e l e r a t i o n s  form the  r i g h t  s i d e s  of the  equations of motion. The 
l e f t  sides a r e  t h e  s t a t i c  terms t h a t  can, f o r  example, be expressed i n  
terms of symmetrical s t r e s s  resul tants4.  The r e s u l t  becomes 
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-3 - 
.-IC,-? 2 , ? ,  m a re  loading components and mass, r e spec t ive ly ,  per un i t  a rea  
3 . 2  A Simpl i f ied  Version of Curved Beam Element 
F i g .  1 - Reference Line of a Curved Beam 
k ? o r t i o n  of t h e  re ference  l i n e  f o r  a curved beam is  shown on F i g .  1 .  
:-.s c ~ l r r e n t  a r c  l e n g t h  i s  denoted  by s ,  w h i l e  q i s  t h e  cur ren t  angle  of 
:r !?: lnation of t he  normar t o  t h e  r e f e r e n c e  l i n e ,  a n d  p is t h e  r a d i u s  o f  
3 A r v i i  re .  
T?e s t r e s s  resul tmts  ac t ing  on t h e  beam cross  sec t ion  are the  bending 
, 7 m e n t  '1, t h e  a x i a l  f o r c e  N ,  and t h e  s h e a r  f o r c e  Q .  The e x t e r n a l  l o a d ,  
- .?2;ir?d p e r  u n i t  of cur ren t  length  of t h e  re ference  l i n e ,  has the components 
- 2 . 7 -  i n  t h e  a i r e c t i o n  of t h e  u n i t  vectors  e and e r e spec t ive ly .  
S n r..  * . A  ?n 
45 1 
I f  v and vn deno te  t h e  v e l o c i t y  components i n  t he  d i r e c t i o n  of  t h e  
S 
u n i t  v e c t o r s  e and en r e s p e c t i v e l y ,  t h e  ra te  o f  ex tens ion  is 
S 
'n d = - - -  
as P ( 4 9 )  
The r a t e  o f  r o t a t i o n ,  i, of a given s e c t i o n  is given by 
. 
(50)  
vs ,=*=as+- P 
while t h e  g e n e r a l i z e d  ra te  o f  deformation a s s o c i a t e d  w i t h  bending is 
(51 1 
I ; ,-=-- a i  a avn "s 
as as ( - +  $ 
The  r a t e  of  e q u i l i b r i u m  e q u a t i o n s  f o r  t h i s  s i m p l i f i e d  v e r s i o n  may be 
put  i n  the f o l l o w i n g  form: 
4. Numerical S o l u t i o n  
The q u a s i - l i n e a r  n a t u r e  of t h e  v e l o c i t y  e q u i l i b r i u m  e q u a t i o n s  suggests  
t h e  a d o p t i o n  of a n  i n c r e m e n t a l  a p p r o a c h  t o  n u m e r i c a l  i n t e g r a t i o n  w i t h  
r e s p e c t  t o  t ime. The a v a i l a b i l i t y  of  t h e  f i e l d  f o r m u l a t i o n  p r o v i d e s  
a s s u r a n c e  of t he  completeness of  t h e  i n c r e m e n t a l  e q u a t i o n s  and  a l l o w s  t h e  
u s e  o f  a n y  c o n v e n i e n t  procedure f o r  s p a t i a l  i n t e g r a t i o n  over  the domain B. 
In t h e  p r e s e n t  i n s t a n c e  t h e  choice has been made i n  f a v o r  of a s i m p l e  f i r s t  
o r d e r  e x p a n s i o n  i n  time f o r  t h e  c o n s t r u c t i o n  of inc remen ta l  s o l u t i o n s  from 
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t h e  r e s u l t s  of f i n i t e  e l e m e n t  s p a t i a l  i n t e g r a t i o n  of the  governing ' 
equations. 
The procedure employed permits  the r a t e s  of the  f i e l d  formulation t o  
be i n t e r p r e t e d  a s  i n c r e m e n t s  i n  t h e  n u m e r i c a l  s o l u t i o n .  T h i s  i s  
p a r t i c u l a r l y  convenient f o r  t h e  c o n s t r u c t i o n  of incremental  boundary 
cond i ti  on h i s  tor  i es . 
The f i n i t e  element method f o r  s p a t i a l  d i s c r e t i z a t i o n  has been well 
documented (see,  e.g. Zienkiewiczg or Odenf0) and w i l l  not be detai led here. 
I t  should be noted,  however ,  t h a t  a s  a c o n s e q u e n c e  of t h e  p r e s e n t  
formula t ion ,  the v e l o c i t y  e q u i l i b r i u m  equations a r e  not symmetric.  T h i s  
feature  precludes implementation of a Ritz procedure a s  commonly employed 
i n  f i n i t e  element analysis  of infinitesimal deformation. Linear algebraic 
equations governing the d iscre te  model f o r  t h e  f i n i t e  case a r e  developed 
employing t h e  method of Calerkin. 
The s p a t i a l  discret izat ion r e s u l t s  i n :  
CKI { v }  = { i }  (53) 
where [K] is the nonsymmetric s t i f f n e s s  matrix, { v }  is the vector 
containing the generalized nodal veloci t ies ,  and {;} is t h e  r a t e  of the 
load .  The s o l u t i o n  t o  Eq.  (53) a t  time t o  provides a basis for evaluation 
of a deformation increment and associated changes i n  i n t e r n a l  stresses and 
b o u n d a r y  l o a d i n g .  The incremental s o l u t i o n  d e f i n e s  t h e  deformed 
configuration and s t r e s s  r a t e  a t  t = to + 6 t  thereby p e r m i t t i n g  d e f i n i t i o n  
of a new s p a t i a l  problem at  the l a t e r  time. 
5. Applications 
The c a p a b i l i t i e s  of the models presented here i n  have been evaluated 
through three simple numerical examples. The f i r s t  example demonstrates  
the  c a p a b i l i t y  of t h e  plane s t r e s s  approximation t o  predict deflections and ,  
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,--,:?e.; ; ?  ?i * J ? ~ T I  loaded  by a constant moment. Figure 2 i l l u s t r a t e s  t h e  
--:-.e :?e " i n i t e  e1e:nent model. A quar te r  of the beam was d i v i d e d  i n t o  
;- < ~ 1 1 ? : j f r t j  i ?  t h e  v e r t i c a l  d i r e c t i o n  and i n t o  f i v e  e l e m e n t s  i n  t h e  
' . d n i ; > r i t i :  l i - e c t i o n .  The ex te rna l  moment was i n t r o d u c e d  b y  s i x  p a r a l l e l  
~ 6 .n , ,7- - , . >  , -  ?~?? . i r~g  on t n e  sec t ion  i3C ( s ee  Fig. 2 ) .  
T r i ?  -/3lue 3 f  the ex te rna l  moment is 3500 kg/cm, and t h e  m a t e r i a l  of 
,d I ~ T ? & Y >  i s  :5!?-17. Tne v i s c o p l a s t i c  p r o p e r t i e s  of t h e  m a t e r i a l  were 
I , L z L : ? ~ :  1 ex2eri:nentaily from u n i a x i a l  t e s t s  i n  Ref .  1 .  T h i s  p r o p e r t i e s  
.. '----?  : ;*-la ' :m~~Lef,  i n t o  the  present mater ia l  model. 
. ^ e  - .  
T n ?  . / x i ? t i o n  of the  d e f l e c t i o n  of p o i n t  E as  a f u n c t i o n  of tirne is 
j i ~ . : ! ~  i ?  F i g .  3 .  I t  i s  impor t an t  t o  p o i n t  o u t  t h e  va lue  of  t h e  l a r g e  
:e:;:.::?tion 3 n E I l y s i s .  4 f t e r  t e n  n i n u t e s  of t h e  deformation is  i n c r e a s e d  by 
. r -. _ _  -~ ~I .,. i ?t t h e  sa:lt? t i s e  t h e r e  a r e  important  changes i n  the  stress f i e l d  
' ; - -  ..i > - lj. ii). - .  
F i z .  2 - The Beam Model 
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Fig .  j - P o i n t  E Def lec t ion  
2 5  30i 
I \  ei 5 rt IO 
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1 - 
3 4 6 6 h  01 0 I 2 
Fig. 4 - S t r e s s  Distribution 
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T h e  n e x t  e x a m p l e  c o n s i s t s  of  a s t r a i g h t  s i m p l y  s u p p o r t e d  beam, loaded 
by a t r a n s v e r s e  c o n c e n t r a t e  force a t  t h e  m i d s p a n .  The  beam is 25  i n c h e s  
l o n g ,  two i n c h e s  h i g h  a n d  o n e  i n c h  wide .  The material is s t a i n l e s s  s t ee l  
3 0 4  (Heat 9 T 2 7 9 6 ) .  The mater ia l  c o n s t a n t s  i n  s u b  s e c t i o n  2 . 3  were 
c o r r e l a t e d  w i t h  t h e  u n i a x i a l  t e n s i o n  e x p e r i m e n t a l  r e s u l t s  g i v e n  i n  Ref. 12 .  
The beam was s u b j e c t e d  t o  a l o a d  of 2000 p o u n d s  a t  llOO°F, t h i s  l o a d  was 
t h e n  h e l d  c o n s t a n t  f o r  312 h r . ,  a n d  t h e n  i n c r e a s e d  t o  2250 pour ids  a t  
1 400°F. 
T h e  p r i m a r y  p u r 2 o s e  o f  t h i s  e x a i n p l e  is  t o  c o m p a r e  t h e  r e s u l t s ,  
o b t a i n e d  by  t h e  two p r e v i o u s l y  d i s c u s s e d  m o d e l s .  The  f i r s t  o n e  is t h e  
t w o - d i m e n s i o n a l  ? l a n e  s t r e s s  m o d e l ,  a n d  t h e  S e c o n d  o n e  is t h e  t h i n  beam 
model as d e r i v e d  from t h i n  s h e l l  t h e o r y .  F i g u r e  5 p r e s e n t s  r e s u l t s  i n  t h e  
f o r m  of l o a d  v e r s u s  midspan d e f l e c t i o n .  The f i n i t e  e l e m e n t  rnodel c o n s i s t s  
of  f i v e  s i m p l e  p l a n e  s t ress  e l e m e n t s  ( d a s h e d  l i n e  i n  F i g .  5 )  o r  f i v e  
s o p h i s t i c a t e d  beam e l e m e n t s  ( f u l l  l i n e  i n  F i g .  5 ) .  
I t  can  be s e e n  ( F i g .  5 )  t h a t  t h e  r e s u l t s  a g r e e  q u i t e  well  u p  t o  t h e  
3 1 2 - h o u r  h o l d  p e r i o d  ( p o i n t s  3 , 4 ) .  D u r i n g  t h e  h o l d  p e r i o d ,  t h e  material 
h a r d e n s  and o n l y  t h e  beam model can  r e p r e s e n t  t h i s  b e h a v i o r  a f t e r  t h e  l o a d  
is f u r t h e r  i n c r e a s e d .  
T h e  l a s t  e x a s p l e  p r e s e n t s  a n  a n a l y s i s  o f  a c i r c u l a r  a r c h .  T h e  
geometry of t h e  shallow c i r c u l a r  arch is shown on F i g .  6 .  T h e  m a t e r i a l  is 
o n c e  a g a i n  t h e  304 s t a i n l e s s  s t e e l .  T h e  a r ch  is  f i x e d  a t  bo th  e n d s  and 
c a r r i e s  a c o n c e n t r a t e d  l o a d  a t  t h e  c e n t e r .  T h e  e l a s t o - v i s c o p l a s t i c  
a n a l y s i s  o f  t h i s  arch is per formed w i t h  t h e  a i d  o f  a t e n  c u r v e d  beam e lmen t  
model and  w i t h  t h e  i n e r t i a  terms t a k e n  i n t o  a c c o u n t .  The load P is  a s s u m e d  
t o  b e  a p p l i e d  i n  a q u a s i - s t a t i c  manner  a t  t = 0 .  The r e s u l t s  o f  t h i s  
a n a l y s i s  a r e  s h o w n  o n  F i g .  6 ,  a s  t h e  t i m e - h i s t o r y  o f  t h e  m i d s p a n  
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Fig. 5 - Deflection v s  Load 
i: 1.3 1 i . 6  , I .i i ? = 2r: Its. 1.2 f :\% !I J 
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0 . 2  , / 
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Fig .  6 - Circular  Shallow Arch 
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disp lacement .  The response of the  a rch  s t a r t s  w i t h  t h e  i n s t a n t a n e o u s  
e l a s t i c  deformation a t  t - 0,  followed by slow deformation u p  t o  p o i n t  B ,  
whioh can be considered a s  a limit point for  the given value of the load P. 
Beyond point B ,  the displacements increase r a p i d l y  towards poin t  C .  This 
may suggest the  existence of c r i t i c a l  time for the prescribed load, 
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